Rules for integrands of the form (a + bCos[d + ex] + cSin[d + ex])"

1. j(a+bCos[d+ex] +csin[d+ex])"dx
1. J(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*-c?=0

1. J(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b’>-c?=0 A n>0

1: J-\/a+bCos[d+ex] +cSin[d+ex] dx when a?-b%-c?==0

Reference: G&R 2.558.1 inverted with n == % and a2 - b2 -¢c? -

Rule: If a? - b% - c? == 9, then

2 (cCos[d+ex] -bsSin[d+ex])

J'\/a+bCos[d+ex] +cSin[d+ex] dx — -
eVa+bCos[d+ex] +cSin[d + e x]

Program code:

Int[Sqrt[a_+b_.xcos[d_.+e_.#x_]+c_.#sin[d_.+e_.*x_]],x_Symbol] :=
-2 (cxCos[d+exx] -bxSin[d+exx] ) /(exSqrt [a+bxCos [d+exx] +cxSin[d+exx]]) /;
FreeQ[{a,b,c,d,e},x] & & EqQ[a”2-b”2-c"2,0]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2: j(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*-c?=0 A n>1

Reference: G&R 2.558.1 inverted with a2 - b? - c2 - @
Rule:If a2 -b%?-c2 =20 A n > 0,then

J(a+bCos[d+ex] +cSin[d+ex])"dx —

(cCos[d+ex]—bSin[d+ex])(a+bCos[d+ex]+cSin[d+ex])"'1 a(2n-1) .
- + J(a+bCos[d+ex]+cSin[d+ex])"’ dx
en n

Program code:

Int[(a_+b_.xcos[d_.+e_.*x_]+c_.xsin[d_.+e_.*x_])~n_,x_Symbol] :=
- (c*Cos[d+exx] -bxSin[d+exx] ) (a+bxCos[d+exx] +cxSin[d+exx] )" (n-1) /(exn) +
a% (2#n-1) /n+Int[ (a+bxCos[d+exx] +c*Sin[d+exx])~(n-1),x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[a”*2-b”2-c”*2,0] && GtQ[n,0]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2. J-(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*>-c?=0 A n<@

1

1: J dx when a2 -b%-c2==0
a+bCos[d+ex] +cSin[d + e Xx]

Reference: G&R 2.558.4d

Rule: If a? - b% - c? == 9, then

dx — -

J~ 1 c-aSsSin[d+ex]
a+bCos[d+ex] +cSin[d+eXx] ce (cCos[d+ex] -bSin[d+eXx])

Program code:

Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.+sin[d_.+e_.*x_]),x_Symbol] :=
- (c-axsin[d+exx]) /(cxex (cxCos [d+exx] -bxSin[d+exx])) /;
FreeQ[{a,b,c,d,e},x] && EqQ[a*2-b"2-c”"2,0]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1

dx when a2-b2-c2==0

Z:I
\/a+bCos[d+ex] +cSin[d +ex]

Derivation: Algebraic simplification

Basis: If a2 - b2 - c? == ©,thena+b Cos[z] +cSin[z] ==a++/b%2+c? Cos[z-ArcTan[b,

Rule: If a? - b% - c? == 9, then

J 1 1
dx — dx
Va+bCos[d+ex] +cSin[d+ex] '\/a+\/b2+c2 Cos[d +ex-ArcTan[b, c]]

Program code:

Int[1/Sqrt[a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.+x_]],x_Symbol] :=
Int[1/Sqrt[a+Sqrt[b”2+c”2] *xCos [d+exx-ArcTan[b,c]]1],x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[a”2-b"2-c"2,0]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

3: j(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*-c?=0 A n<-1

Reference: G&R 2.558.1 inverted with a2 — b%2 — c? == @ inverted
Rule:If a2 -b%?-c?2 =0 A n < -1,then

J(a+bCos[d+ex] +cSin[d+ex])"dx —

(cCos[d+ex] -bSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])" n+1
+ j(a+bCos[d+ex]+cSin[d+ex])
ae(2n+1) a(2n+1)

n+1

dx

Program code:
Int[(a_+b_.xcos[d_.+e_.*x_]+c_.xsin[d_.+e_.*x_])"n_,x_Symbol] :=
(C*COS [d+exXx] -bxSin[d+exX] ) * (a+b*Cos [d+exXx] +c*Sin[d+exX] ) "n/(a*e* (2xn+1)) +

(n+1) / (ax (2#n+1) ) xInt [ (a+bxCos [d+exx] +cxSin[d+exx] )~ (n+1),x] /;
FreeQ[{a,b,c,d,e},x] && EqQ[a*2-b"2-c"2,0] && LtQ[n,-1]

2. j(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b?-c?#0

1. J-(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*-c?#@ A n>0

1. J\/a+bCos[d+ex] +cSin[d+ex] dx when a?-b%>-c?#0

1: j\/a+bCos[d+ex] +cSin[d+ex] dx when b?+c?==0

Reference: Integration by substitution

Basis: If b% + c2 == 9, then

f[bCos[d+ex] +cSin[d+ex]] == E:[(ZCCZS;[[%:(Z?]iiziiw[?j:if}]) Ox (bCos[d+ex] +cSin[d+ex])

Rule: If b? + ¢? == 9, then



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

b Va+x
j\/a+bCos[d+ex] +cSin[d+ex] dx — —SubstU-
X

dx, X, bCos[d + e x] +cSin[d+ex]]
ce

Program code:

Int[Sqrt[a_+b_.xcos[d_.+e_.#x_]+c_.#sin[d_.+e_.*x_]],x_Symbol] :=
b/ (cxe) »Subst [Int[Sqrt[a+X]/X,X],X,bxCos [d+exx] +cxSin[d+exx]] /;
FreeQ[{a,b,c,d,e},x] && EqQ[b”2+c”"2,0]

2. j\/a+bCos[d+ex] +cSin[d+ex] dx whena?-b2-c2#0 A b%2+c%+0

1: j\/a+bCos[d+ex] +cSin[d+ex] dx whenb?+c?2#0 A a+Vb%2+c? >0

Derivation: Algebraic simplification

Basis: If b2 + c2 + 9,thena+b Cos[z] + cSin[z] ==a++/b?+c? Cos[z-ArcTan[b, c]]

]
Rule:If b2 +c?2+0 A a++/b?+c? >0,then
J\/a+b€os[d+ex] +cSin[d+ex] dx — J\/a+\/b2+cz Cos[d+ex-ArcTan[b, c]] dx

Program code:

Int[Sqrt[a_+b_.xcos[d_.+e_.#x_]+c_.#sin[d_.+e_.*x_]],x_Symbol] :=
Int[Sqrt[a+Sqrt[b”2+c”2] xCos [d+exx-ArcTan[b,c]]]1,x] /;
FreeQ[{a,b,c,d,e},x] & NeQ[b”2+c”2,0] && GtQ[a+Sqrt[b”2+c”2],0]

2: j\/a+bCos[d+ex]+cSin[d+ex] dx Whenaz—bz—c2¢0Ab2+c2¢0/\-(a+ b?+ 2 >0)

Derivation: Piecewise constant extraction and algebraic simplification



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

Basis: & ~/a+b Cos[d+e x]+cSin[d+ex] __ )
. X -
a+b Cos[d+ex]+cSin[d+eXx]
a+/ b2+c?
Basis: If b2+ c2 # ©,thena+bCos[z] +cSin[z] ==a+4/b%?+c? Cos[z-ArcTan[b, c]]

Rule:lf a2 -b%?-c2+0 A b%2+c?+0 A - (a+\/b2+c2 >@),then

J\'\/a+bCos[d+ex] +cSin[d+ex] dx —

Va+bCos[d+ex] +cSin[d+eXx] a b2 + c2
+ Cos[d +ex -ArcTan[b, c]] dx
a+b Cos [d+e x] +c Sin[d+e x] \ a+Vb?+c2 a+Vb%2+c?
a+\/b2+c2

Program code:

Int[Sqrt[a_+b_.xcos[d_.+e_.#x_]+c_.#sin[d_.+e_.*x_]],x_Symbol] :=
Sqgrt [a+b*Cos [d+exXx] +c*Sin[d+exx] ]/Sqr‘t [ (a+b*Cos [d+exXx] +c*Sin[d+exXx] )/(a+Sqr't [b”r2+c”2]) ] *
Int[Sqrt[a/ (a+Sqrt[b”2+c”2]) +Sqrt[b”2+c”2]/ (a+Sqrt[b”2+c”2]) xCos [d+exx-ArcTan[b,c]]1]1,x] /;
FreeQ[{a,b,c,d,e},x] &% NeQ[a*2-b*2-c”2,0] && NeQ[b"2+c”*2,0] && Not[GtQ[a+Sqrt[b”2+c”"2],0]]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2: J-(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*-c?#0 A n>1

Reference: G&R 2.558.1 inverted

Rule:If a2 - b%?-c?+0 A n > 1,then

J(a+bCos[d+ex] +cSin[d+ex])"dx —

(cCos[d+ex] -bSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"'1

- +
en

1 2 2 2 . . n-2
—j(na +(n-1) (b*+c*) +ab(2n-1) Cos[d+ex] +ac (2n-1) Sin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])" " dx
n

Program code:

Int[(a_+b_.xcos[d_.+e_.*x_]+c_.xsin[d_.+e_.*x_])~n_,x_Symbol] :=
- (c*Cos [d+exx] -bxSin[d+exXx] ) * (a+b*Cos [d+exXx] +c*Sin[d+exX] ) A (n—1)/(e*n) +
1/n+Int[Simp[nxar2+(n-1) x (b"2+C"2) +a*bx (2%n-1) xCos [d+exX] +a*C* (2+n-1) xSin[d+exx],x]
(a+bxCos [d+exx] +cxSin[d+exx])~(n-2),x] /;
FreeQ[ {a,b,c,d,e},x] && NeQ[a*2-b"2-c"2,0] && GtQ[n,1]

2. J(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b>-c2#@0 A n<@

1
1.J. dx when a2 -b%-c2#0
a+bCos[d+ex] +cSin[d +eXx]

1
x:j dx when a2 -b2-c%2>0
a+bCos[d+ex] +cSin[d + e Xx]

Note: Although this rule produces a more complicated antiderivative than the following rule, it is continuous provided
2 2 2
a‘-bc-c>0.

Rule: If a? - b% - ¢2 > 9, then



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1 X 2 cCos[d+ex] -bSin[d + e x]
J - dx — + ArcTan
a+bCos[d+ex] +cSin[d+ex] Vaz-b2-c2 eVal-b2-c? a+Va2-b?-c? +bCos[d+ex] +cSin[d+eXx]

Program code:

( Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.+x_]),x_Symbol] :=
x/Sqrt[a”2-b”2-c”2] +
2/(e*Sqrt[aAZ—bAZ—cAZ])*ArcTan[(c*Cos[d+e*x]—b*Sin[d+e*x])/(a+Sqrt[aA2—bA2—cA2]+b*Cos[d+e*x]+c*Sin[d+e*x])] /3
FreeQ[{a,b,c,d,e},x] && GtQ[a”2-b"2-c"2,0] =*)

1
x:J. dx when a? -b%-c2<0
a+bCos[d+ex] +cSin[d + e Xx]

Note: Although this rule produces a more complicated antiderivative than the following rule, it is continuous provided
a’-b%2-c?<oe.

Rule: If a2 - b% - c2 < 9, then

1
J dx —
a+bCos[d+ex] +cSin[d +ex]

1
Log[b2+c2+ (ab—c\/—a2+b2+c2]Cos[d+ex] + [ac+b\/—a2+b2+c2)Sin[d+ex]] -
2eV-a2+b?+c?

1
Log[b2+c2+(ab+c‘\/—a2+b2+c2]Cos[d+ex]+ (ac—b\/—a2+b2+c2)Sin[d+ex]]
2eV-aZ+b?+c?

Program code:

(» Int[1/(a_+b_.+cos[d_.+e_.xx_]+c_.*sin[d_.+e_.#x_]),x_Symbol] :=
Log [RemoveContent [bA2+c"2+ (axb-c*Rt [-a”2+b"2+c"2,2]) xCos [d+exX] + (a*C+bxSqrt [-a*2+b"r2+c 2] ) #Sin[d+exx],x]]/
(2xe*Rt [-a~2+br2+c"2,2]) -
Log [RemoveContent [bA2+c”2+ (axb+cxRt [-a~2+b"2+c"2,2] ) xCos [d+exX] + (a*C-bxSqrt [-a~2+b"2+c 2] ) #Sin[d+exx],x]]/
(2+e*Rt[-ar2+br24+¢72,2]) /3
FreeQ[{a,b,c,d,e},x] && LtQ[a”2-b"2-c"2,0] =*)



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1
1:j
a+bCos[d+ex] +cSin[d+ eXx]

dx whena+b==90

Derivation: Integration by substitution

Basis: 1 ==—§Subst[+, X, Cot[i(d+ex)]]6xCot[§(d+ex)]

a+b Cos[d+e x]+c Sin[d+e x] a-b+2 c x+ (a+b) x?

Basis: If a + b = 9, then z ==—i$ubst[$, X, Cot[i(d+ex)]]6xCot[§(d+ex)]

a+b Cos[d+e x] +c Sin[d+e X]

Rule:If a + b == 9, then

1 1 1 1
j dx — ——Subst[j dx, X, Cot[— (d+ex)”
a+bCos[d+ex] +cSin[d+eXx] e a+cx 2

Program code:

Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]),x_Symbol] :=
Module [ {f=FreeFactors[Cot[ (d+exx)/2],x]},
-f/exSubst[Int[1/(a+cxfxx),x],x,Cot[(d+exx) /2] /f]] /;

FreeQ[{a,b,c,d,e},x] &% EqQ[a+b,0]

10



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1
2:j dx whena+c==0
a+bCos[d+ex] +cSin[d + e Xx]

Derivation: Integration by substitution

BaSIS: a+bCos[d+ex;l+cSin[d+ex] = fSUbSt[m, Xs Tan[i (d +EX) * f]] axTan[i (d +EX) * f]
Basis: If a + ¢ = 9, then a+bc°5[d+ex]1+csin[d+ex] = iSubst[i, X, Tan[% (d+ex) + f]] axTan[i (d+ex) +Z

Rule: If a + ¢ == 9, then

1 1 1 1 7
j dx — —Subst[J dx, X, Tan[— (d+ex) + —”
a+bCos[d+ex] +cSin[d +ex] e a+bx 2 4

Program code:

Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]),x_Symbol] :=
Module[{f=FreeFactors[Tan|[ (d+exx) /2+Pi/4],x]},
f/exSubst [Int[1/(a+bxfxx),x],x,Tan[ (d+exx) /2+Pi/4] /f]] /;
FreeQ[{a,b,c,d,e},x] && EgqQ[a+c,9]

7]

11



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1
3:j dx whena-c=90
a+bCos[d+ex] +cSin[d+ eXx]

Derivation: Integration by substitution

Basis: L = - 2subst| ——L——, x, Cot[1 (d+ex) + Z]] acCot[2 (d+ex) + Z]

a+b Cos[d+e x]+c Sin[d+e x] a+c+2 b x+ (a-c) x?

Basis: If a - ¢ = 9, then z ==—i$ubst[$, X, Cot[i(d+ex)+f]]6XCot[§(d+ex)+f]

a+b Cos[d+e x] +c Sin[d+e X]

Rule: If a - ¢ == 9, then

1 1 1 1 7
f dx — ——Subst[J dx, X, Cot[—(d+ex)+—”
a+bCos[d+ex] +cSin[d+ eXx] e a+bx 2 4

Program code:

Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]),x_Symbol] :=
Module[{f=FreeFactors[Cot [ (d+exx) /2+Pi/4],x]},
-f/exSubst[Int[1/(a+bxfxx),x],x,Cot[ (d+exx) /2+Pi/4] /f]] /;

FreeQ[{a,b,c,d,e},x] &% EqQ[a-c,0] && NeQ[a-b,0]

12



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1
4:j dx when a? -b%-c%?+0
a+bCos[d+ex] +cSin[d+ eXx]

Reference: G&R 2.558.4
Derivation: Integration by substitution

Basis:

F(Sin[d+ex], Cos[d+ex]] = 2Subst |25 F[2%, 19

], X, Tan[% (d+ex)H OXTan[% (d+ex)}

Basis: 1 = fSubst[+ Tan[i (d+ex)]] axTan[i (d+ex)]

X
a+b Cos[d+e x] +c Sin[d+e X] a+b+2 c x+ (a-b) x? >

Rule: If a? - b% - c? # 9, then

1

1
J dx — —Subst[J
a+bCos[d+ex] +cSin[d+ex] e a+b+2cx+ (a-b) x?

Program code:

Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.+sin[d_.+e_.*x_]),x_Symbol] :=
Module [ {f=FreeFactors[Tan[ (d+exx)/2],x]},
2+f /exSubst [Int[1/ (a+b+2xcxfxx+ (a-b) xF 2xx2) ,x], X, Tan[ (d+exx) /2] /f]] /;
FreeQ[{a,b,c,d,e},x] && NeQ[a*2-b”2-c”"2,0]

dx, X, Tan[% (d+ex)”

13



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1
Z.I dx when a%? -b%?-c?+0
Va+bCos[d+ex] +cSin[d +ex]

1

dx when b2 +c2==0

1:j
\/a+bCos[d+ex] +cSin[d +ex]

Reference: Integration by substitution

Basis: If b% + c2 == 9, then

f[bCos[d+ex] +cSin[d+ex]] == f:f(zcc‘(’)ssf[ii‘z’jﬁiSsii:]([‘(’j:ee’)‘(}]) Oy (bCos[d+ex] +cSin[d+ex])

Rule: If b% + c? == 9, then

1 b 1
J dx — —Subst[f—dlx, x,bCos[d+ex]+cSin[d+ex]]
\/a+bCos[d+ex]+cSin[d+ex] ce xVa+Xx

Program code:

Int[1/Sqrt[a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]],x_Symbol] :=
b/ (cxe) xSubst [Int[1/ (xxSqrt[a+x]),X],X,bxCos [d+exx]+cxSin[d+exx]] /;
FreeQ[{a,b,c,d,e},x] & EqQ[b”2+c”2,0]

1
Z.J dx when a2-b2-c2#0 A b2+c?2+#0
\/a+bCos[d+ex] +cSin[d +ex]

1

dx whenb?2+c2#0 A a+Vb%>+c?2 >0

1:j
Va+bCos[d+ex] +cSin[d + ex]

Derivation: Algebraic simplification

Basis: If b2+ c2 # ©,thena+bCos[z] +cSin[z] ==a+/b%+c? Cos[z-ArcTan[b, c]]

| |
Rule:If b2+ c2+0 A a++/b?+c? >0,then

14



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

J\
dx
'\/a+bCOS[d+eX] +CSin[d+ex]

Program code:

Int[1/sqrt[a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]],x_Symbol] :=
Int[1/Sqrt[a+Sqrt[b”2+c”2] xCos [d+exx-ArcTan[b,c]]1],x] /;
FreeQ[{a,b,c,d,e},x] & & NeQ[b”2+c”2,0] && GtQ[a+Sqrt[b”2+c”2],0]

1

\/a+Vbz+c2 Cos[d+ex-ArcTan[b, c]]

dx

15



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1

dx when a?2-b2-c2#0 A b%2+c?2#0 A --(a+\/b2+c2 >0)

2: J
Va+bCos[d+ex] +cSin[d + ex]
Derivation: Piecewise constant extraction and algebraic simplification

a+b Cos[d+e x]+cSin[d+e x]
a+/ b2+c?

~Ja+b Cos[d+e x] +c Sin[d+e X]

::@

Basis: Oy

Basis: If b2+ c2 # ©,thena+bCos[z] +cSin[z] ==a+4/b%?+c? Cos[z-ArcTan[b, c]]

Rule:If a2 -b?-c?2+0 A b2+c?+0 A - (a+x/b2+c2 > 0|, then

J,
dx —
'\/a+bCOS[d+eX] +CSin[d+eX]

dx

\/a+bCos[d+ex]+cSin[d+ex] o
2 + *C _ Cos[d+ex-ArcTan[b, c]]

a+y/ b%+c? a+/ b%+c?

a+b Cos[d+e x]+c Sin[d+e x]
a+y/ b%+c? J 1

Program code:

Int[1/Sqrt[a_+b_.xcos[d_.+e_.xx_]+c_.*sin[d_.+e_.#x_]],x_Symbol] :=
Sqrt[ (a+bxCos [d+exx] +cxSin[d+exx])/(a+Sqrt[b*2+c”2]) | /Sqrt[a+b«Cos [d+exx] +cxSin[d+exx] ]|
Int[1/Sqrt[a/ (a+Sqrt[b”2+c”2]) +Sqrt[b”2+c”2]/ (a+Sqrt[b”2+c”2]) *Cos [d+exx-ArcTan[b,c]]1],x] /;
FreeQ[{a,b,c,d,e},x] && NeQ[a*2-b”2-c”2,0] && NeQ[b"2+c”*2,0] && Not[GtQ[a+Sqrt[b”2+c”2],0]]

16



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

3. J-(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b*-c?#0 A n<-1

1

1:j dx when a2 -b%*-c%2+0
(a+bCos[d+ex] +cSin[d+ex])>?

Reference: G&R 2.558.1 withn = — %

Rule: If a? - b%2 - c? # 9, then

1
dx —
(a+bCos[d+ex] +cSin[d+ex])3/2

2 (cCos[d+ex] -bSin[d+ex]) 1
+ 2~I-\/a+bCos[d+ex]+cSin[d+ex] dx
c

2 2
e(az—bz—cz)Va+bCos[d+ex]+csin[d+ex] a’-b° -

Program code:

Int[1/(a_+b_.xcos[d_.+e_.*x_]+c_.+sin[d_.+e_.*x_])"(3/2),x_Symbol] :=
2x (cxCos [d+exx] -bxSin[d+exx]) /(ex (a"2-b"2-c”2) #Sqrt [a+bxCos [d+exx] +cxSin[d+exx]]) +
1/ (a*2-b*2-c”2) +Int [Sqrt[a+b«Cos [d+exx]+cxSin[d+exx]],x] /;

FreeQ[{a,b,c,d,e},x] && NeQ[a*2-b"2-c”"2,0]

2: j(a+bCos[d+ex] +cSin[d+ex])"dx when a?-b?-c?#0 A n<-1 A n;é—%

Reference: G&R 2.558.1
Rule:If a2-b%?-c2+0@ An<-1An¢% —%,then

J(a+bCos[d+ex] +cSin[d+ex])"dx —

(-cCos[d+ex] +bSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"+1

+
e (n+1) (a®-b?-c?)



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

1

(a(n+1) -b(n+2) Cos[d+ex] -c (n+2)Sin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"*1d1x
(n+1) (a%-b?-c?)

Program code:

Int[(a_+b_.xcos[d_.+e_.xx_]+C_.#sin[d_.+e_.xx_])"n_,x_Symbol] :=
(-c*Cos [d+exXx] +bxSin[d+exx] ) * (a+b*Cos [d+exXx] +c*Sin[d+exX] ) A (n+1)/(e* (n+1) * (a”2-b”2-c”2)) +
1/ ((n+1) * (a*2-b"2-c2)) %
Int[(a* (n+1) -b* (n+2) *Cos [d+exX] -C* (N+2) *Sin[d+e*x])*(a+b*Cos [d+exX] +c*Sin[d+e*x])"(n+1),x] /3
FreeQ[{a,b,c,d,e},x] && NeQ[a*2-b*2-c”2,0] && LtQ[n,-1] && NeQ[n,-3/2]
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n 19

2. J(A+BCos[d+ex] +Csin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx

A+BCos[d+ex] +CSin[d + e x]
1.J dx

a+bCos[d+ex] +cSin[d +eXx]

dx when b2 +c2==0

1: JA+BCos[d+ex] +CSin[d +ex]

a+bCos[d+ex] +cSin[d+ex]

Note: Although exactly analogous to G&R 2.451.3 for hyperbolic functions, there is no corresponding G&R 2.558.n formula
for trig functions. Apparently the authors did not anticipate b2 + c2 could be 0 in the complex plane.

Rule: If b2 + c? == 9, then

X —

A+BCos[d+ex] +CSin[d+eXx] a
Ja+bCos[d+ex] +cSin[d +ex]
(2aA-bB-cC)x (bB+cC) (bCos[d+ex]-cSin[d+ex])

+
2a2 2abce

(a (bB-cC) -2aAb>+b? (bB+cC)) Log[a+bCos[d+ex] +cSin[d+ex]]

2a’bce

Program code:

Int[(A_.+B_.%cos[d_.+e_.xx_]+C_.»sin[d_.+e_.#x_])/(a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.xx_]),x_Symbol] :=
(2xaxA-bxB-cxC) *x/ (2xa"2) - (b*B+c*C)*(b*Cos[d+e*x]-c*Sin[d+e*x])/(z*a*b*c*e) +
(@72 (bxB-C#C) -2xaxAxb"2+b"2x (b»B+C+C) ) xLog [RemoveContent [a+bxCos [d+exx] +cxSin[d+exx],X] ]/(Z*a"z*b*c*e) /3
FreeQ[{a,b,c,d,e,A,B,C},x] &% EqQ[b"2+c”2,0]

Int[(A_.+C_.#sin[d_.+e_.*x_])/(a_+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.*x_]),x_Symbol] :
(2*axA-cxC) *x/ (2xa”2) - CxCos[d+exx]/ (2xaxe) + c*C*Sin[d+e*x]/(2*a*b*e) +
(-a"2#C+2#a*CxA+b"2xC) xLog [RemoveContent [a+bxCos [d+exx] +cxSin [d+exx],x] ]/(z*a"z*b*e)

FreeQ[{a,b,c,d,e,A,C},x] & EqQ[b"2+c"2,0]

~

.
3

Int[(A_.+B_.#cos[d_.+e_.*x_])/(a_+b_.xcos[d_.+e_.xx_]+c_.*sin[d_.+e_.*x_]),x_Symbol] :
(2%xaxA-bxB) *x/ (2xa”2) - bxBxCos[d+exx]/ (2xaxCxe) + B*Sin[d+e*x]/(2*a*e) +
(a”2xB-2#axbxA+b"2+B) xLog [RemoveContent [a+bxCos [d+exx] +cxSin[d+exx],X] ]/(Z*a"z*c*e) /3

FreeQ[{a,b,c,d,e,A,B},x] & EqQ[b"2+c"2,0]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

A+BCos[d+ex] +CSin[d + e x]
2 J dx when b? + c? # 0

a+bCos[d+ex] +cSin[d +eXx]

A+BCos[d+ex] +CSin[d+eXx]
1:j dx when b? +c*#@ A A (b?>+c?) -a (bB+cC) =
a+bCos[d+ex] +cSin[d + e Xx]

Reference: G&R 2.558.2 with A (b + c?) -a (bB+cC) =

Rule:If b>+c?#@ A A (b?+c?) —a (bB+cC) ==0,then

J-A+Bc°s[d+ex] +CSin[d +ex] a (bB+cC)x (cB-bC() Log[a+bCos[d+ex] +cSin[d+ex]]
X — +

a+bCos[d+ex] +cSin[d+ex] b2 + ¢ e (b?+c?)

Program code:

Int[(A_.+B_.#cos[d_.+e_.xx_]+C_.*sin[d_.+e_.#x_])/(a_.+b_.#cos[d_.+e_.xx_]+c_.*sin[d_.+e_.*x_]),x_Symbol] :=
(bxB+c*C) #x/ (b"2+4C~2) + (cxB-bxC)xLog[a+bxCos[d+exx]+cxSin[d+exx]]/ (e (b"2+c2)) /;
FreeQ[{a,b,c,d,e,A,B,C},x] & NeQ[b"2+c"2,0] && EqQ[Ax (b*2+c”2)-ax (bxB+cxC) ,0]

Int[(A_.+C_.#sin[d_.+e_.xx_])/(a_.+b_.xcos[d_.+e_.*x_]+c_.#sin[d_.+e_.xx_]),x_Symbol] :
c*Cxx/ (b”2+c”2) - bxCxLog [a+b*Cos [d+exXx] +c*Sin[d+exX] ]/(e* (b*2+c”2)) /;
FreeQ[{a,b,c,d,e,A,C},x] & NeQ[b"2+c”*2,0] && EqQ[Ax* (b*2+c”2)-axc*C,0]

Int[(A_.+B_.#cos[d_.+e_.*x_])/(a_.+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]),x_Symbol] :
bxBxx/ (b*2+c”2) + cxBxLog [a+b*Cos [d+exXx] +c*Sin[d+exX] ]/(e* (b*2+c”2)) /;
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”"2+c”2,0] & EqQ[A* (b*2+c”2)-axbxB,0]

A+BCos[d+ex] +CSin[d+ex]
Z:J dx when b?+c*#0 A A (b?+c?) -a (bB+cC) #0
a+bCos[d+ex] +cSin[d + e x]

Reference: G&R 2.558.2
Rule:If b>+c*#@ A A (b?+c?) -a (bB+cC) #0,then
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

A+BCos[d+ex] +CSin[d+eXx]
JN dx —

a+bCos[d+ex] +cSin[d+ex]
(bB+cC)x (cB-b() Log[a+bCos[d+ex] +cSin[d+ex]]
+ +

b? + c? e (b2+c2)

A (b*+c?) -a (bB+cC) 1
j dx

b? + c? a+bCos[d+ex] +cSin[d+eXx]

Program code:

Int[(A_.+B_.%cos[d_.+e_.xx_]+C_.*sin[d_.+e_.+x_])/(a_.+b_.+cos[d_.+e_.xx_]+c_.+sin[d_.+e_.+x_]),x_Symbol] :=
(b*B+cxC) xx/ (b”2+c”2) + (cxB-bxC)=xLog [a+b*Cos [d+exx] +cxSin[d+exX] ]/(e* (b*2+c”2)) +
(Ax (b"2+c”2) -ax (bxB+c*C) ) / (b"2+c~2) »Int [1/(a+bxCos [d+exx] +cxSin[d+exx]),x] /;

FreeQ[{a,b,c,d,e,A,B,C},x] & NeQ[b"2+c”"2,0] && NeQ[Ax (b*2+c”2)-ax (bxB+cxC) ,0]

Int[(A_.+C_.+sin[d_.+e_.*x_])/(a_.+b_.xcos[d_.+e_.*x_]+c_.+sin[d_.+e_.*x_]),x_Symbol] :
c*Cx (d+exx) / (ex (b*2+c”2)) - b*C*Log[a+b*Cos[d+e*x]+c*Sin[d+e*x]]/(e* (b*2+c”2)) +
(Ax (b"2+c”2) ~axcC) / (b~2+c2) #Int[1/(a+bxCos [d+exx] +cxSin[d+exx]),x] /;
FreeQ[{a,b,c,d,e,A,C},x] & NeQ[b"2+c”*2,0] && NeQ[Ax (b*2+c”2)-axc*C,0]

Int[(A_.+B_.#cos[d_.+e_.+x_])/(a_.+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.#x_]),x_Symbol] :
bxBx* (d+exXx) / (ex (b*2+c”2)) +
c*BxLog[a+bxCos [d+exx] +cxSin[d+exx] ]/ (ex (b"2+c 2)) +
(A*(bA2+cA2)—a*b*B)/(b“2+cA2)*Int[l/(a+b*Cos[d+e*x]+c*Sin[d+e*x]),x] /3
FreeQ[{a,b,c,d,e,A,B},x] && NeQ[b”"2+c”2,0] && NeQ[Ax (b*2+c”2)-axbxB,0]

2. J(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenng-1

1. j(A+BCos[d+ex] +Csin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn#-1 A a’-b%-c?=

1: J(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn#-1 A a>-b?-c?=0 A (bB+cC)n+aA(n+1) =

Reference: G&R 2.558.1b
Rule:lf n# -1 A a2-b2-¢c?=0 A (bB+cC)n+aA (n+1) =0,then

j(A+BCos[d+ex] +CsSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx —
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

(Bc-bC-aCCos[d+ex] +aBSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"

ae(n+1)

Program code:

Int[(A_.+B_.*cos[d_.+e_.*x_]+C_.#sin[d_.+e_.xx_])*(a_+b_.xcos[d_.+e_.*x_]+c_.xsin[d_.+e_.*x_])"*n_.,x_Symbol]| :=
(B*c—b*C—a*C*COS [d+exXx] +axBxSin[d+exX] ) * (a+b*Cos [d+exXx] +c*Sin[d+exX] )"n/(a*e* (n+1)) /;
FreeQ[{a,b,c,d,e,A,B,C,n},x] &% NeQ[n,-1] && EqQ[a”2-b"2-c"2,0] && EqQ[ (b*B+c*C) *xn+axAx (n+1),0]

Int[(A_.+C_.#sin[d_.+e_.xx_])*(a_+b_.xcos[d_.+e_.xx_]+c_.xsin[d_.+e_.*x_])"n_.,x_Symbol] :
-(b*C+a*C*Cos[d+e*x])*(a+b*Cos[d+e*x]+c*Sin[d+e*x])"n/(a*e*(n+1)) /3
FreeQ[{a,b,c,d,e,A,C,n},x] &% NeQ[n,-1] && EqQ[a”2-b"2-c”2,0] && EqQ[c*Cxn+axAx (n+1),0]

Int[(A_.+B_.#cos[d_.+e_.*x_])(a_+b_.xcos[d_.+e_.xx_]+c_.xsin[d_.+e_.*x_])~n_.,x_Symbol] :
(B*c+a*B*Sin[d+e*x])*(a+b*Cos[d+e*x]+c*Sin[d+e*x])"n/(a*e* (n+1)) /;
FreeQ[{a,b,c,d,e,A,B,n},x] &% NeQ[n,-1] &% EqQ[a”2-b"2-c”2,0] && EqQ[bxBxn+axAx (n+1),0]

2: ~J.(A+BCos[d+ex] +CsSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn#-1 A a>-b>-c?2=0 A (bB+cC)n+aA(n+1) #0

Reference: G&R 2.558.1b
Rule:lf n+# -1 A a2-b2-c?2==0 A (bB+cC)n+aA (n+1) #0,then

j(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx —

(Bc-bC-aCCos[d+ex] +aBSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])n

+
ae (n+1)

(bB+cC)n+aA (n+1)
a(n+1)

J(a+bCos[d+ex] +cSin[d+ex])"dx

Program code:

Int[(A_.+B_.#cos[d_.+e_.*x_]+C_.#sin[d_.+e_.xx_])«(a_+b_.»cos[d_.+e_.*x_]+c_.»sin[d_.+e_.*x_])~n_.,x_Symbol] :=
(B*C—b*C—a*C*COS [d+exx] +axBxSin[d+exx] ) * (a+b*COS [d+exXx] +cxSin[d+exX] )"n/(a*e* (n+1)) +
((b*B+c*C) xn+axAx (n+1)) / (a* (n+1))*Int[(a+b*Cos[d+e*x]+c*Sin[d+e*x])"n,x] /3

FreeQ[{a,b,c,d,e,A,B,C,n},x] && NeQ[n,-1] && EqQ[a*2-b"2-c”*2,0] && NeQ[ (bx*B+cxC) *n+axAx (n+1),0]

22



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

Int[(A_.+C_.#sin[d_.+e_.*x_])«(a_+b_.xcos[d_.+e_.*x_]+c_.xsin[d_.+e_.*x_])~n_.,x_Symbol] :

- (bxC+axCxCos[d+exx]) * (a+b*Cos [d+exXx] +c*Sin[d+exX] ) "n/(a*e* (n+1)) +
(c*Cxn+axAx (n+1)) / (ax (n+1) ) »Int[ (a+bxCos [d+exx] +c*Sin[d+exx])*n,x]| /;
FreeQ[{a,b,c,d,e,A,C,n},x] & NeQ[n,-1] &% EqQ[a”2-b"2-c”*2,0] && NeQ[c*Cxn+axAx(n+1),0]

Int[(A_.+B_.*cos[d_.+e_.*x_])«(a_+b_.xcos[d_.+e_.*x_]+c_.xsin[d_.+e_.#x_])"n_.,x_Symbol] :

(B*c+a*B*Sin[d+e*x])*(a+b*Cos[d+e*x]+c*Sin[d+e*x])"n/(a*e* (n+1)) +
(b#Bxn+axAx (n+1)) / (ax (n+1) ) »Int[ (a+bxCos [d+exx] +c+Sin[d+exx])~n,x] /;
FreeQ[{a,b,c,d,e,A,B,n},x] & NeQ[n,-1] &% EqQ[a”2-b"2-c”*2,0] && NeQ[bxBxn+axAx (n+1),0]

2. J(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn#-1 A a>-b>-c’#0

1: J(BCos[d+ex] +Csin[d+ex]) (bCos[d+ex] +cSin[d+ex])"dx whenn#-1 A b?+c*#0 AbB+cC=0

Reference: G&R 2.558.1awitha =9,A=0andbB + cC ==

Rule:lf n+ -1 A b?+c?2+0 A bB+cC = 0,then

(cB-bC) (bCos[d+ex] +cSin[d+ex])n+1

J(BCos[d+ex] +Csin[d+ex]) (bCos[d+ex] +cSin[d+ex])"dx —
e (n+1) (b?+c?)

Program code:
Int[(B_.#cos[d_.+e_.xx_]+C_.*sin[d_.+e_.#x_])*(b_.#cos[d_.+e_.xx_]+c_.*sin[d_.+e_.*x_])"n_.,x_Symbol] :=

(c%B-bC) » (bxCos [d+exx] +cxSin[d+exx] )~ (n+1) / (ex (n+1) » (b~2+c”2)) /;
FreeQ[{b,c,d,e,B,C},x] &% NeQ[n,-1] && NeQ[b”2+c”2,0] && EqQ[bxB+c*C,0]

2: J(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn>@ A a*-b*-c*#0

Reference: G&R 2.558.1a inverted

Rule:If n >0 A a?-b?-c? # 0, then
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

J(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx —

(Bc-bC-aCCos[d+ex] +aBSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"

+
ae(n+1)

_r
a(n+1)
(a(bB+cC)yn+a*A(n+1) + (n(a?B-Bc’+bcC)+abA(n+1)) Cos[d+ex] + (n(bBc+a*’C-b’>C) +acA(n+1))Sin[d+ex])dx

J(a+bCos[d+ex] +cSin[d+ex])"'1~

Program code:

Int[(A_.+B_.*cos[d_.+e_.xx_]+C_.xsin[d_.+e_.*x_])*(a_+b_.xcos[d_.+e_.#x_]+c_.#sin[d_.+e_.*x_])"n_.,x_Symbol] :=
(B*C—b*C—a*C*Cos [d+exx] +axBxSin[d+exXx] ) * (a+b*Cos [d+exXx] +c*xSin[d+exX] )"n/(a*e* (n+1)) +
1/ (a* (n+1) ) *Int [ (a+b*Cos [d+exXx] +c*Sin[d+exX] ) A(n-1) »
Simp [ax (b*B+CxC) xn+a”2xA% (n+1) +
(n* (a”2*B-Bxc”*2+bxc*C) +axbxAx (n+1) ) xCos [d+exXx] +
(n* (bxBxc+a”2xC-b"2xC) +axC*xAx (n+1) ) *Sin[d+exXx] ,X] ,X] /3
FreeQ[ {a,b,c,d,e,A,B,C},x] & GtQ[n,0] && NeQ[a*2-b"2-c”"2,0]

Int[(A_.+C_.*sin[d_.+e_.*x_])*(a_+b_.xcos[d_.+e_.#x_]+c_.*sin[d_.+e_.*x_])~n_.,x_Symbol] :=
- (bxC+axCxCos[d+exx] ) * (a+bxCos [d+exx] +cxSin[d+exx])*n/ (axex (n+1)) +
1/ (ax (n+1)) »Int[ (a+bxCos [d+exx]+c#Sin[d+exx] )" (n-1) %
Simp[a*c*c*n+a"2*A* (n+1) + (cxbxCxn+axbxAx (n+1) ) xCos [d+exX] + (a*2xCxn-b*2xCxn+axCxAx (n+1) ) *Sin[d+exx] ,x] ,x] /3
FreeQ[{a,b,c,d,e,A,C},x] & & GtQ[n,0] && NeQ[a”2-b”2-c”"2,0]

Int[(A_.+B_.*cos[d_.+e_.xx_])«(a_+b_.xcos[d_.+e_.#x_]+c_.xsin[d_.+e_.xx_])"n_.,x_Symbol] :=
(B*c+a*B*Sin[d+e*x])*(a+b*Cos[d+e*x]+c*Sin[d+e*x])"n/(a*e* (n+1)) +
1/ (ax (n+1)) »Int[ (a+bxCos [d+exx]+c#Sin[d+exx] )" (n-1) %
Simp[a*b*B*n+a"2*A* (n+1) + (a”2*Bxn-c”2xBxn+axbxAx (n+1) ) xCos [d+exXx] + (bxCc*Bxn+axCxAx (n+1) ) *Sin[d+exXx] ,X] ,X] /5
FreeQ[ {a,b,c,d,e,A,B},x] & & GtQ[n,0] && NeQ[a*2-b"2-c”"2,0]
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

3. j(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn<@ A a®-b>-c?#0 A n#-1

dx whenBc-bC==0 A Ab-aB+90

1: j A+BCos[d+ex] +CSin[d + e x]

Va+bCos[d+ex] +cSin[d +ex]

Derivation: Algebraic simplification

Basis:If Bc -bC == 0,thenA+Bz+Cw=} (a+bz+cw) +Ab‘TaB

Rule:lf Bc-bC==0 A Ab-aB # 9, then

A+BCos[d+ex] +CSin[d + e x] B - Ab-aB
j dx — —j\/a+bCos[d+ex]+c51n[d+ex] dx + J.
\/a+bCos[d+ex]+cSin[d+ex] b b

Program code:

Int[(A_.+B_.%cos[d_.+e_.*x_]+C_.*sin[d_.+e_.#x_])/Sqrt[a_+b_.+cos[d_.+e_.xx_]+c_.*sin[d_.+e_.#x_]],x_Symbol] :=

B/b*Int[Sqrt[a+bxCos[d+exx]+cxSin[d+exx]],x] +
(Axb-axB) /bxInt[1/Sqrt[a+bxCos [d+exx]+cxSin[d+exx]],x] /;
FreeQ[{a,b,c,d,e,A,B,C},x] & EqQ[Bxc-bxC,0] && NeQ[Axb-axB,0]

2. j(A+BCos[d+ex] +Csin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn<-1 A a>-b>-c’#@

dx when a2-b2-c2#0

1 J A+BCos[d+ex] +CSin[d + e x]

a+bCos[d+ex] +cSin[d+ex])

dx when a2-b2-c2#0 A aA-bB-cC=0

1: J- A+BCos[d+ex] +CSin[d+eXx]

a+bCos[d+ex] +cSin[d+ex])

Reference: G&R 2.558.1awith n= -2 and aA-bB-cC=090
Rule:If a2 -b%*-c2+0 A aA-bB-cC-=0,then

Va+bCos[d+ex] +cSin[d + ex]

dx
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X —

J~A+BCos[d+ex]+CSin[d+ex] 4 cB-bC-(aC-cA) Cos[d+ex] + (aB-bA) Sin[d + e x]
(a+bCos[d+ex]+cSin[d+ex])2 e (a?-b?>-c?) (a+bCos[d+ex] +cSin[d+ex])

Program code:

Int[(A_.+B_.%cos[d_.+e_.xx_]+C_.»sin[d_.+e_.#x_])/(a_.+b_.#cos[d_.+e_.xx_]+c_.»sin[d_.+e_.#x_])"2,x_Symbol] :=
(c*B-bxC- (axC-cA) xCos [d+exX] + (axB-bxA) xSin[d+exx]) /
(e* (a”2-b*2-c”2) » (a+bxCos [d+exx] +cxSin[d+exx])) /;
FreeQ[ {a,b,c,d,e,A,B,C},x] && NeQ[a”2-b"2-c”"2,0] && EqQ[axA-bxB-cxC,0]

Int [ (A_.+C_.*Sin [d_.+e_.*x_] )/(a_.+b_.*cos [d_.+e_.*x_]+c_.*sin[d_.+e_.*x_] ) "2,x_Symbol] 8=
—(b*C+(a*C-C*A)*Cos[d+e*x]+b*A*Sin[d+e*x])/(e*(aAz-bAz-cAZ)*(a+b*Cos[d+e*x]+c*Sin[d+e*x])) /3
FreeQ[ {a,b,c,d,e,A,C},x] & & NeQ[a”*2-b”2-c”2,0] && EqQ[ax*A-c*C,0]

Int[(A_.+B_.xcos[d_.+e_.xx_])/(a_.+b_.xcos[d_.+e_.*x_]+c_.#sin[d_.+e_.*x_])"2,x_Symbol] :=
(c*B+cxAxCos [d+exx] + (axB-bxA) xSin[d+exx]) /(ex (a"2-b*2-c”2) « (a+bxCos [d+exx] +cxSin[d+exx])) /;
FreeQ[{a,b,c,d,e,A,B},x] & & NeQ[a”*2-b”2-c”2,0] && EqQ[axA-bxB,0]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

dx when a2-b2-c2#0 A aA-bB-cC#0

2 J~ A+BCos[d+ex] +CSin[d + e Xx]

(a+bCos[d+ex] +c51n[d+ex])2

Reference: G&R 2.558.1awith n = -2
Rule:If a2 -b%?-c>+0 A aA-bB-cC #0,then

A+BCos[d+ex] +CSin[d+eXx]
J\(a+bCos[d+ex]+cSin[d+ex])2 -
cB-bC-(aC-cA) Cos[d+ex] + (aB-bA) Sin[d + eXx] +aA—bB—cCJ- 1 dx
e (a®-b*-c?) (a+bCos[d+ex] +cSin[d+ex]) a?-b?2-c? a+bCos[d+ex] +cSin[d+eX]

Program code:

Int[(A_.+B_.%cos[d_.+e_.*x_]+C_.sin[d_.+e_.#x_])/(a_.+b_.cos[d_.+e_.*x_]+c_.»sin[d_.+e_.#x_])"2,x_Symbol]
(c*B-bxC- (axC-cA) xCos [d+exX] + (axB-bxA) xSin[d+exx]) /
(ex (a"2-b*2-c"2) * (a+bxCos [d+exx] +cxSin[d+exx])) +
(a*A-bxB-c*C) / (a*2-b”2-c”2) +Int [1/(a+b*Cos [d+exx]+cxSin[d+exx]),x] /;
FreeQ[{a,b,c,d,e,A,B,C},x] & NeQ[a”2-b"2-c”*2,0] && NeQ[axA-bxB-cxC,0]

Int[(A_.+C_.#sin[d_.+e_.*x_]1)/(a_.+b_.*cos[d_.+e_.*x_]+c_.4sin[d_.+e_.+x_])"2,x_Symbol]
- (b*C+ (axC-cxA) xCos [d+exx] +bxAxSin[d+exX] )/(e* (a”2-b*2-c”2) * (a+b*Cos [d+exx] +cxSin[d+exX] ) ) +
(axA-cxC) / (a"2-b*2-c2) #Int[1/(a+bxCos [d+exx] +cxSin[d+exx]),x] /;

FreeQ[{a,b,c,d,e,A,C},x] & & NeQ[a”*2-b”2-c”2,0] && NeQ[axA-c*C,0]

Int[(A_.+B_.#cos[d_.+e_.+x_])/(a_.+b_.xcos[d_.+e_.*x_]+c_.*sin[d_.+e_.+x_])"2,x_Symbol]
(C*B+C*A*Cos [d+exXx] + (a*xB-bxA) *Sin[d+exx] )/(e* (a”"2-b"2-c”2) » (a+b*Cos [d+exXx] +c*Sin[d+exX] ) ) +
(axA-bxB) / (a"2-b*2-c”2) +Int[1/(a+bxCos [d+exx] +cxSin[d+exx]),x] /;

FreeQ[{a,b,c,d,e,A,B},x] & & NeQ[a”*2-b”2-c”2,0] && NeQ[axA-bxB,0]
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2: J(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx whenn<-1 A a*>-b?-c*#0 A ng#-2

Reference: G&R 2.558.1a
Rule:lf n< -1 A a?2-b%>-¢c2+0 A n# -2, then

j(A+BCos[d+ex] +CSin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"dx —

-(((cB-bC-(aC-cA)Cos[d+ex] + (aB-bA) Sin[d+ex]) (a+bCos[d+ex] +cSin[d+ex])"+1)/(e (n+1) (a*-b*-c?))) +
1

n+l

J(a+bCos[d+ex] +cSin[d+ex])
(n+1) (a®-b>-c?)

((n+1) (aA-bB-cC) + (n+2) (aB-bA) Cos[d+ex] + (n+2) (aC-cA)Sin[d+ex]) dx

Program code:

Int[(A_.+B_.*cos[d_.+e_.*x_]+C_.#sin[d_.+e_.xx_])*(a_.+b_.+cos[d_.+e_.xx_]+c_.*sin[d_.+e_.*x_])"n_,x_Symbol]| :=
- (c*B-b*C- (axC-cA) xCos [d+exX] + (axB-bxA) xSin[d+exx] ) » (a+bxCos [d+exx] +cxSin[d+exx])~ (n+1) /
(ex (n+1) x (a”2-b"2-c"2)) +
1/ ((n+1) » (a"2-b"2-c"2) ) xInt[ (a+b*Cos [d+exx] +cxSin[d+exx] ) (n+1)
Simp[ (n+1) * (a*A-b*B-c*C) + (N+2) » (axB-bxA) xCos [d+e*X] + (nN+2) * (axC-c*A) *Sin[d+exX] ,X] ,X] /3
FreeQ[{a,b,c,d,e,A,B,C},x] & LtQ[n,-1] &% NeQ[a”2-b"2-c”*2,0] && NeQ[n,-2]

Int[(A_.+C_.#sin[d_.+e_.*x_])«(a_.+b_.#cos[d_.+e_.xx_]+c_.*sin[d_.+e_.*x_])"n_,x_Symbol] :
(b*C+ (axC-cxA) xCos [d+exXx] +bxAxSin[d+exX] ) * (a+b*Cos [d+exx] +cxSin[d+exX] ) 2 (n+1)/
(ex (n+1) » (a*2-b"2-c”2)) +
1/ ((n+1) » (a"2-b"2-c"2) ) »Int[ (a+b*Cos [d+exx] +cxSin[d+exx] )~ (n+1)
Simp [ (n+1) # (a*A-C*C) - (n+2) xbxAxCos [d+exX] + (N+2) * (a*C-cA) xSin[d+exx],x],x] /;
FreeQ[ {a,b,c,d,e,A,C},x] && LtQ[n,-1] &% NeQ[a"2-b"2-c”"2,0] && NeQ[n,-2]

Int[(A_.+B_.#cos[d_.+e_.*x_])«(a_.+b_.#cos[d_.+e_.xx_]+c_.*sin[d_.+e_.*x_])"n_,x_Symbol] :
- (C*B+C*A*COS [d+exXx] + (axB-bxA) *Sin[d+exx] ) * (a+b*COS [d+exXx] +c*Sin[d+exx] ) 2 (n+1)/
(ex (n+1) » (a*2-b”2-c*2)) +
1/ ((n+1) % (a”2-b”2-c”2)) »Int [ (a+bxCos [d+exx]+cxSin[d+exx] )" (n+1) »
Simp [ (n+1) # (a*A-b*B) + (n+2) » (a*B-bxA) xCos [d+exX] - (n+2) xcxAxSin[d+exx],x],x] /;
FreeQ[{a,b,c,d,e,A,B},x] && LtQ[n,-1] &% NeQ[a”2-b"2-c”*2,0] && NeQ[n,-2]
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

3. Ju (a+bSec[d+ex] +cTan[d+ex])"dx

1
1:
Ja+b5ec[d+ex] +cTan[d + e x]

dx

Derivation: Algebraic simplification

Rule:

1
J‘a+bSec[d+ex] +cTan[d +ex]

Program code:

Int[1/(a_.+b_.xsec[d_.+e_.xx_]+c_.xtan[d_.+e_.*x_]) ,x_Symbol] :

Int[Cos[d+exx]/(b+axCos [d+exx]+cxSin[d+exx]),x] /;
FreeQ[{a,b,c,d,e},x]

Int[1/(a_.+b_.xcsc[d_.+e_.xx_]+c_.xcot[d_.+e_.*x_]),x_Symbol] :

Int[Sin[d+exx]/(b+axSin[d+exx]+cxCos[d+exx]),x] /;
FreeQ[{a,b,c,d,e},x]

le—)J

Cos[d + e x]

b+acCos[d+ex] +cSin[d + e x]

dx
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2. JCos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"dx

1: |Cos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"dx whennez

Derivation: Algebraic simplification

Rule: If nez, then

JCos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"dx — j(b+aCos[d+ex] +cSin[d+ex])"dx

Program code:

Int[cos[d_.+e_.*x_]”n_.*(a_.+b_.*xsec[d_.+e_.*xx_]+c_.*tan[d_.+e_.*x_]1)”"n_.,x_Symbol] :
Int[ (b+axCos[d+exx]+cxSin[d+exx])"n,x]| /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[n]

Int[sin[d_.+e_.*x_]"n_.*(a_.+b_.xcsc[d_.+e_.*x_]+c_.xcot[d_.+e_.*x_])” n_.,x_Symbol] :
Int[ (b+a*Sin[d+exx]+cxCos[d+exx])"n,x] /;
FreeQ[{a,b,c,d,e},x] & & IntegerQ[n]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2: |Cos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"dx whenn¢z

Derivation: Piecewise constant extraction

BaS|S: ax Cos [d+e x] (a+bSec[d+e)f]+cTan[d+ex]) -0
(b+a Cos[d+e x]+c Sin[d+e x])"

Rule: If nez, then

Cos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"

JCos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"dx — j(b+aCos[d+ex] +csin[d+ex])"dx

(b+aCos[d+ex] +cSin[d+ex])"

Program code:

Int[cos[d_.+e_.*x_]”n_=x(a_.+b_.xsec[d_.+e_.*x_]+c_.xtan[d_.+e_.x*x_])”n_,x_Symbol] :=
Cos [d+exx]~n« (a+bxSec [d+exx] +cxTan[d+exx])~n/(b+axCos [d+exx] +cxSin[d+exx] ) ~nxInt[ (b+axCos [d+exx] +cxSin[d+exx])”n,x] /;
FreeQ[{a,b,c,d,e},x] && Not[IntegerQ[n]]

Int[sin[d_.+e_.#x_]"n_x(a_.+b_.xcsc[d_.+e_.xx_]+C_.xcot[d_.+e_.xx_])~n_,x_Symbol] :=
Sin[d+exx]"n« (a+bxCsc[d+exx] +cxCot[d+exx])~n/(b+axSin[d+exx]+cxCos[d+exx] ) nxInt[ (b+axSin[d+exx]+cxCos[d+exx])”n,x] /;
FreeQ[{a,b,c,d,e},x] & Not[IntegerQ[n]]
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Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

Sec[d +ex]"
3.J dx
(a+bSec[d+ex] +cTan[d+ex])"

Sec[d + ex]"
1:J dx whennez
(a+bSec[d+ex] +cTan[d+ex])"

Derivation: Algebraic simplification

Rule: If nez, then

Sec[d +ex]" 1
J le—)j dx
(a+bSec[d+ex] +cTan[d+ex])" (b+aCos[d+ex] +cSin[d+ex])n

Program code:

Int[sec[d_.+e_.*x_]”n_.x(a_.+b_.xsec[d_.+e_.*x_]+c_.xtan[d_.+e_.*x_])” m_,x_Symbol] :
Int[1/(b+axCos[d+exx]+cxSin[d+exx])"n,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[m+n,0] && IntegerQ[n]

Int[csc[d_.+e_.*x_]”n_.*(a_.+b_.*xcsc[d_.+e_.*x_]+c_.*xcot[d_.+e_.*x_])"m_,x_Symbol] :
Int[1/(b+asSin[d+exx]+cxCos [d+exx])"n,x] /;
FreeQ[{a,b,c,d,e},x] & EqQ[m+n,0] && IntegerQ[n]



Rules for integrands of the form (a+b cos(d+e x)+c sin(d+e x))"n

2: |Cos[d+ex]" (a+bSec[d+ex] +cTan[d+ex])"dx whenn¢z

Derivation: Piecewise constant extraction

BaS|S: ax Sec[d+e x]" (b+a Cos[d+e x]+c Sin[d+e x]) -0
(a+b Sec[d+e x]+c Tan[d+e x])"

Rule: If nez, then

dx — dx

Sec[d+ex]" Sec[d+ex]" (b+aCos[d+ex] +cSin[d+ex])" 1
J‘(a+b5ec[d+ex]+cTan[d+ex])n (a+bSec[d+ex] +cTan[d+ex])" J(

b+aCos[d+ex] +cSin[d+ex])"

Program code:

Int[sec[d_.+e_.*x_]”n_.x(a_.+b_.xsec[d_.+e_.*x_]+c_.xtan[d_.+e_.*x_])” m_,x_Symbol] :=
Sec[d+exx]"n« (b+axCos [d+exx] +cxSin[d+exx])~n/ (a+bxSec[d+exx] +cxTan[d+exx]) ~nxInt[1/(b+axCos [d+exx] +cxSin[d+exx]) n,x] /;
FreeQ[{a,b,c,d,e},x] &% EqQ[m+n,0] && Not[IntegerQ[n]]

Int[csc[d_.+e_.*x_]”n_.*(a_.+b_.xcsc[d_.+e_.*x_]+c_.*xcot[d_.+e_.xx_])"m_,x_Symbol] :=
Csc[d+exx]"n« (b+axSin[d+exx] +cxCos [d+exx])~n/ (a+bxCsc[d+exx] +cxCot [d+exx]) ~nxInt[1/(b+axSin[d+exx] +cxCos[d+exx]) n,x] /;
FreeQ[{a,b,c,d,e},x] & & EqQ[m+n,0] &% Not[IntegerQ[n]]
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